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Abstract

Anisotropic grid{adaptive strategies are presented for viscousw simulations in which the
accurate prediction of multiple aerodynamic outputs (such sathe lift, drag, and moment
coe cients) is required from a single adaptive solution. The uderlying adaptive procedure is
based on a merging of adjoint error estimation and Hessian-basedsatropic grid adaptation.
Airfoil test cases are presented to demonstrate the various adagm strategies including a
single element airfoil at cruise conditions and a multi-elemeéairfoil in high-lift con guration
with ow separation. Numerical results indicate that the lift, drag and moment coe cients
are accurately predicted by all of the output{based strategi considered, although slightly
better accuracy is obtained in the output(s) for which a partular strategy is speci cally
designed. Furthermore, the output-based strategies are all sk to be signi cantly more
e cient than pure Hessian-based adaptation in terms of output acuracy for a given grid

size.

Key words: anisotropic grid adaptation; adjoint error correction/estmation; multiple func-

tional outputs; aerodynamics; nite volume; nite element; @mputational uid dynamics.



1 Introduction

Proper grid resolution is critical for industrial computational uid dynamics (CFD) appli-
cations due to the con icting and exacting requirements of @equate solution accuracy and
limited computer execution time. Solution{based, automati grid adaptation has proven to
be an e ective means of iteratively improving the local gridresolution during the solution
procedure [1{10]. The basic premise is to assess the solution embintermediate stages of
the overall solution process and modify the local grid densitycaordingly in order to improve

the solution accuracy and/or reduce the nominal grid size.

A limiting factor in the application of grid adaptation for Navier{Stokes computations has
been the lack of reliable error indicators for driving the agjptive process. Many methods use
indicators based on large ow gradients or undivided di erenes [2,8,9]. These methods tend
to increase the grid density near certain ow features such as stis, wakes, and boundary
layers. Unfortunately, indicators of this type may lead to inorrect results. For example,
continuously re ning the grid near a shock does not necessarilgdd to an improvement in
overall solution accuracy. Predicting the proper shock stretiyand location, as well as other
derived quantities, may depend more on the quality of the gridvell upstream of the shock

rather than in its immediate vicinity [9].

Adaptive indicators for nonlinear ow problems have also beederived from interpolation
error estimates for linear nite elements [3,4,7,9]. These ri@ds attempt to equidistribute
the estimated interpolation error in one or more scalars thrghout the computational do-
main. Essentially, this amounts to adapting on the local secofderivatives or Hessian of
the solution and, therefore, shares some of the potential deanicies associated with feature{
based indicators. Traditional feature{ and Hessian{based inditars are local in nature and
do not provide a reliable indication of how the discretizatin error is distributed or trans-

ported throughout the domain. The equidistribution of interpolation error does not generally
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translate into the equidistribution of discretization error for nonlinear ow problems. Fur-
thermore, even the equidistribution of discretization erromay not be optimal within an

engineering context.

An alternate approach to making error estimation more relevarior engineering applications
is to assess the error made in predicting integral quantities peesenting basic engineering
outputs. Examples include the lift and drag forces acting onmaircraft wing, the mass-
averaged total{pressure drop across a high{pressure turbine sggr the average noise levels
generated by an aircraft at takeo condition. There has beea signi cant volume of research
into a posteriori error analysis and grid adaptation for functional outputs wihin the context
of nite element methods for uid dynamics [11{22]. For geneal discretizations, Pierce
and Giles [23{26] have developed an adjoint-based error cection technique for functional
outputs that extends superconvergence properties, automedlly inherent in many nite
element methods, to cover numerical results from any numericenethod, including nite

di erence, nite volume, or nite element without natural su perconvergence.

The goal of our work is to improve the reliability, accuracy ad e ciency of CFD through the

development and application of an error estimation and griddaptive method for functional
outputs. The error estimation procedure is based on the functial correction technique of
Pierce and Giles. It shares the advantage of being applicable any type of discretization
method, including nite volume methods which are widely usedor the simulation of com-
pressible ows. The functional correction and error estimatioterms used in this work have
already been incorporated into isotropic adaptive schemesrfmite volume discretizations

of quasi-one-dimensional [27] and two-dimensional [28] invgcows, and for a Galerkin

nite element discretization for low-Peclet-number conveton-di usion [29]. The approach
has been generalized for anisotropic adaptation [29, 30] byerging the functional correc-

tion and error estimation procedure with elements of tradibnal Hessian{based adaptation.



To the authors' knowledge, this was the rst reported output{based, anisotropic, adaptive
method for Navier{Stokes ows; it has been successfully applied practical two-dimensional
laminar [29] and turbulent [30] test cases. Park has applied anektended the methods
in references [28{30] to three-dimensional inviscid [31] ardrbulent ows [32]. Formag-

gia, Micheletti and Perotto [33,34] have independently dedoped output{based, anisotropic
adaptive procedures for advection{di usion{reaction and $kes ows within a nite{element

framework that also combine adjoint or duality arguments wih anisotropic interpolation er-

ror estimates.

In this paper we propose several adaptive strategies in whichehaccurate prediction of
multiple integral outputs is required from a single simulatio. The underlying adaptive
methodology is presented in references [29] and [30] and is swamzed in Section 2. Sec-
tion 3 outlines the various adaptive strategies, and Section gresents numerical results in
which the strategies are applied to two airfoil test cases: a simgklement airfoil at cruise
conditions and a multi-element airfoil in high-lift con guration with ow separation. The
e ectiveness of each strategy is gauged in part by the accuracy the predicted lift, drag,
and moment coe cients relative to the corresponding grid sizeNumerical results indicate
that the aerodynamic coe cients are accurately predicted  all of the output{based strate-
gies considered, although slightly better accuracy is obtad in the output(s) for which a
particular strategy is specically designed. Furthermore, tle output-based strategies are
all shown to be signi cantly more e cient than pure Hessian-based daptation in terms of

output accuracy for a given grid size.



2 Adaptive Methodology

This section presents a succinct summary of the output{based adage methodology out-
lined in references [29] and [30]. The methodology borrowsncepts from adjoint error
estimation/correction for functional outputs [24, 26], andfrom Hessian{based anisotropic

grid adaptation [3,7].

The adaptive procedure is designed to improve the accuracy ah integral output f (Uy)
that can be written as a nonlinear functional of the discrete ow solution Uy on the current
grid 4. The system of residual equations associated with the ow discrettion on 4 is

denotedRy (Uy) = 0.

Each iteration in a single{output adaptive simulation requiles approximate solutions of the
discrete ow (primal) and adjoint (dual) equations. The discreée system of adjoint equations
is given by
@R’ _ @i M
@y @y ’
where @R =@} is the Jacobian of the primal residual equations@f, =@} is a row vector

containing the functional sensitivities, and  is the corresponding adjoint solution.

Once approximate ow and adjoint solutions have been obtaimkon the current grid a
correction term [24,26] is computed and used to improve the@gaacy of the output. This is
done prior to the grid{adaptive step for the current iteration. The corrected output is given
by [30]

fr' = f(QHUn)  (QF 1) Rn(QHUn): (2)

In this last expressionf,( ) and R, () are the functional and residual operators, respectively,
denedona negrid ;. The ne grid is constructed by uniformly subdividing the elenents
of the current grid. The rectangular matricesQl! and Q' represent quadratic prolongation

operators that map the ow and adjoint solutions, respectivelyonto the ne grid. Detailed



descriptions of these terms are provided in reference [30].

The adaptive algorithm attempts to further enhance the acaacy of the corrected output by
working to reduce the magnitude of the remaining error aftezorrection. A crude approxima-
tion of the remaining error in the functional” is obtained by summing positive contributions

"¢ from each elemenk in the current grid [30],
= 3)

where

1 X
k=5 Ry (LY W)l [QF Un L Unligy
1(k)

+ [QF v LY Al Re(LiUDLw o (4)

The index I(k) enumerates each ne{grid node associated with elemekt The rectangular
matrices LI and L}' represent linear prolongation operators analogous tQ} and Qf,

respectively. The adjoint residual operatoiR,, on the ne grid is de ned as

T T
Ry () g—ﬁ() g—fq,: (5)

Note that the evaluation of (2){(4) does not require solutiondo be performed on the ne
grid. Only functional and residual evaluations are needed ahe ne grid, preceded by the

prolongation of the ow and adjoint solutions from the curren grid.

For each elemenk a desired new element sizg? is computed from the old oneHy, according
to

HP=H, — (6)

where ¢ and 4 are local and global adaptation parameters, respectively, dnt is an under-
relaxation parameter that controls how aggressively the subsgent grid is re ned. In par-

ticular, « = "x=6 and 4= "=e, whereg, is a user-speci ed desired error levet, = €,=Ne



is the target error for each element, andN. is the total number of elements in the current

grid. A value of! =1=8 is used for the test cases in this paper.

Equation (6) only provides isotropic information about the @sired element size in the subse-
guent grid. Anisotropic criteria are incorporated into the adptive procedure by extracting
stretching and orientation information from interpolation{error estimates for linear nite
elements [3,7]. This merging of adjoint error estimation andHessian{based anisotropic
grid adaptation was originally proposed in references [29Band is brie y outlined in the

following.

The Hessian (matrix of second derivatives) of a specied scalar eldsuch as the Mach
number distribution, is computed using a quadratic recovery lgorithm [28] resulting in
piecewise constant values over each element in the currentdyriA Hessian{based metric
M 4 is then computed by diagonalizing the Hessian matrix and takinthe absolute value of

its eigenvalues [3, 7] yielding

My=RjjR": (7)
In two dimensions, the orthonormal eigenvector matribR can be written as
2 3
cos sin
R=3 £, (8)
sin cos

and the corresponding eigenvalue matrix as
2 3

1=h? 0
-9 £ )
0 1=H2

The Hessian{based metric can be interpreted as a transformationatnix that maps physical
(Euclidean) sets onto a metric space [3]. For example, the unitrcle centered at the origin
in the metric space is mapped onto an ellipse in the physical spasgth major and minor
principal lengths h; and h;, respectively, and with its major axis rotated by an angle to

the x{axis.



In the proposed output{based adaptive procedure, stretchingna orientation parameters,
= h;=h, and , respectively, are obtained directly fromM , and an element{size param-
eter His obtained from Equation (6). An output{based metricM °is then constructed for

each element in the current grid as
M= Rj §RT; (10)

where 2 3
1=(H 92 0
0= § (H9 Z.
0 1=(H 9?2

(11)

Note from the last expression that the element{size parametét®has been attributed to the
minor principal length associated with the output{based metic. Accordingly, the current
element{size parameteH in Equation (6) is computed as the minor principal length assec
ated with the local grid{implied metric on the current grid. The grid{implied metric [29, 30]
is the metric distribution that yields a constant metric lengh for all edges in the current
grid. An average value for the grid{implied metric is calculeed for each element in the
current grid by solving a local 3 3 system of equations for the metric components. The
equations are formed by specifying a unit metric length for ea edge in the element. The
square of the metric lengthl,, of a straight edge with respect to the constant metriéVl is
given by

(Im)>=48"M 8 (I,)?; (12)

whereg\is a unit vector tangent to the edge and, is the physical (Euclidean) length of the

edge.

The output{based metric components are transferred to the nas of the current grid using
area{weighted averages of the piecewise{constant values otlee elements surrounding each
node. The nodal values are then provided as input to an anisojpic grid generator and the

new grid is created.



For the test cases presented in this paper, the adaptive algdrin is run for at least 16
iterations, at which point the change in the total number of ndes from one grid to the next
is typically on the order of 1%. The intent is to ensure convesnce of the grid{evolution

process; no attempt is made to optimize the rate of convergenicethis work.

If the desired error tolerancee, is very low relative to the resolution of the initial grid,
excessive overre nement may result in the early stages of the gud&ve process. To overcome
this di culty, a modest (large) value for e, is prescribed initially and then gradually ramped

down to the desired error level over the course of several itei@ats.

3 Adaptive Strategies

Several output{based adaptive strategies are implemented ngi the adaptive methodology
outlined in Section 2. Airfoil test cases are presented in Seatid to demonstrate the various
adaptive strategies including a single element airfoil at crse conditions and a multi-element
airfoil in high-lift con guration with ow separation. The e ectiveness of each strategy is
gauged in part by the accuracy of the predicted lift, drag, ashmoment coe cients computed

on the nal adapted grids versus the total number of nodes in # respective grid.

Lift, Drag, and Moment Coe cients

In the rst three strategies, the lift, drag, and moment coe cients are prescribed, individu-
ally, as the output for driving the adaptive simulations. A go#&of this study is to assess the
e ectiveness of each single{coe cient strategy to accuratelypredict the two other coe cients

for which the strategy is not explicitly designed.
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Weighted Average

One strategy for incorporating the lift, drag, and moment coeients, C_, Cp, and Cy,
respectively, into a single adaptive simulation is to de ne theutput f as a weighted average

of the square of the coe cients,
f = W.C2+ WpC2 + Wy C2: (13)

The weights, W, , Wp, and Wy, are chosen according to speci ed relative error levels,,

ep, and ey, respectively, as
w= — Wp= — ;Wuy= — (14)

For the test cases in this paper, the relative error levels arelatrarily chosen ase = 1:0,

e =0:1, andey =0:2.

Multi{Output Adaptation

In the previous strategy, the output is linked to all three coeients simultaneously, while

requiring only one adjoint calculation per adaptive iteraion. The adaptive algorithm at-
tempts to satisfy the specied error levels in an average sense. tontrast, the current
strategy attempts ensure that all three error levels are satise simultaneously at the cost

of performing three adjoint calculations per adaptive iteation.

The following is a general description of the proposed multi{dput strategy in which there
are N¢ outputs f ' and corresponding error tolerances,, i = 1; N¢. A single iteration in the

adaptive procedure is comprised of the following steps:

1. On the current grid, compute the ow solution and theN¢ adjoint solutions associated

with the speci ed outputs.
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2. For each element, compute piecewise{constant estimates dtietlocal Mach number

Hessian.

3. For each element, compute the Hessian{based metht , given by (7){(9) and extract

the stretching and orientation parameters, = h;=h, and , respectively.

4. For each element, estimate the grid{implied metric and copute the current element{

size parameterH.

land |, i =

5. For each output, compute the adjoint{based adaptation pameters,

1; Ny. Specically, ;= "'=¢, and , = ", =€, for each elemenk, where€, = €,=N,
is the element target error,N, is the total number of elements in the current grid,

P .
"= ", and" is obtained from (4) using the corresponding adjoint solution.

6. For each element, the element{size parametét?, associated with theith functional,

is obtained in terms of the current element size parametét using (6).

7. For each element, the nal element size parametdd ® used for generating the next
grid, is chosen as the minimum of the element{size parameterssaciated with each

functional. That is, H®=min; (H).

8. For each element, the new output{based metri® °is constructed using the parameters
0 0 andH? and Equations (8), (10), and (11). The elemental metric coponents are
transfered to the nodes using area{weighted averages of the@ewise{constant values

over the elements surrounding each node.

9. The nodal metrics are speci ed as inputs to the anisotropiaigl generator and the grid

is regenerated.

In the present case, there ar®l; = 3 outputs corresponding to the lift, drag, and moment

coecients: f' = C_, f? = Cp, and f3 = Cy, respectively. The corresponding error
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tolerances are chosen a8 = ,e€2=0:1,ande=0:2, where is varied in order to de ne
several di erent overall adaptive tolerances while keepinthe relative error levels for the

coe cients constant.

Domain Integral

The aforementioned strategies all involve aerodynamic ouifs expressible as integrals of
the ow solution over portions of the domain boundary (i.e. affoil surfaces). The current
strategy attempts to provide overall solution accuracy by tageting an integral over the entire

domain. In particular, the output f is de ned as
z

f= (M M) (15)
That is, the square{integral of the Mach number relative to thefree{stream valueM; .
This speci ¢ choice is made to further illustrate the di eren@s between pure Hessian{based

adaptation (based on the Mach number Hessian) and the current quit{based approach.

Pure Hessian{Based Adaptation

Adaptive simulations based solely on the local Mach number Hessianeaperformed for
comparison with the proposed output{based strategies. Pure Hess{hased adaptation is

essentially what is used in references [3, 4, 7] although theirethodologies and implemen-
tations di er to varying degrees. In the present implementabn, the algorithm attempts

to equidistribute the estimated interpolation error in the Mach number distribution by

equidistributing the metric lengths (see Equation (12)) of dlthe edges in the grid using
the Hessian{based metridVl ,, given by (7){(9). Di erent error tolerances are established
by scaling the metrics associated with each element by a constanultiplicative factor

Larger values of correspond to more stringent tolerances on the estimated infgvlation
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error. Nodal values of the second derivatives are obtained ugian area{weighted average of
the piecewise{constant values over each element surroundingetnode. To avoid excessive
element sizes in the far eld, the eigenvalues of the metric @bounded from below so that

h, h; hpax, Wherehpa is a speci ed maximum element length for the domain.

4 Numerical Results

Two airfoil test cases are presented to demonstrate the varioudaptive strategies outlined in
Section 3: turbulent ow over the RAE 2822 airfoil at cruise coditions; and turbulent ow
over the Advanced Energy E cient Transport (EET) three elemert airfoil [35] in high-lift

con guration with ow separation.

The ow and adjoint solvers used in this work are part of the FUN2D site of codes [36{
38]. The governing ow equations are the compressible, Reyds{averaged Navier{Stokes
(RANS) equations. The eddy viscosity is obtained using the one{egtion turbulence model
of Spalart and Allmaras [39]. The BAMG [40] anisotropic grid gegrator is used to regenerate
the grids in this work. BAMG and FUN2D are incorporated into the werall adaptive

procedure using shell scripts.

4.1 RAE 2822 Airfoil

Adaptive simulations are performed for turbulent ow over the RAE 2822 airfoil. The
Reynolds number and free stream Mach number are Re =% 10° and M; = 0:725,
respectively, corresponding to Case 6 conditions in referengl]. The angle of attack is
xed at = 2:466, corresponding to the computation by Allmaras [42] in which tB Case
6 lift is matched. Under these conditions, a shock appears on thection side of the airfoll

near the mid{chord position. The far eld boundary is placed 8100 chords. The initial grid
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for the adaptive simulations is a relatively coarse, inviscidfyle grid analogous to the one

shown in Figure 4 of reference [30].

Figure 1 shows computed lift values obtained using the outpub@sed strategies and pure
Hessian{based strategy outlined in Section 3. Each marker in thegure corresponds to a
fully converged adaptive simulation. Markers of the same shapmrrespond to the same
adaptive strategy but with di erent error tolerances e, speci ed. The experimental value
corresponds to Case 6 in reference [41]. The Allmaras value [#2bbtained from an inde-
pendent computation. Allmaras uses an upwind, second{order ite{volume discretization

for the conservation equations and a rst{order discretizatia for the Spalart{Alimaras tur-

bulence model [39]. A structured C{type grid comprised of 768 192 cells is employed.
The far eld boundary is placed at 20 chords and a point vortexorrection is applied to the

far eld boundary conditions.

The colored markers in Figure 1 correspond to corrected vakief the lift. The corrected
values are computed using Equation (2). Note that correctiorfer the lift are only computed
in the liftfbased and multi{output{based strategies since theseare the only two strategies

for which the lift adjoint is readily available.

Figures 2 and 3 present analogous results for the drag and morheoe cients, respectively.
The moment coe cient is de ned with respect to the quarter{chord location. The pro-
posed output-based adaptive strategies o er substantial impr@ments in accuracy over pure
Hessian{based adaptation, particularly for the lift and drag ce cients. The output-based
strategies also predict the moment coe cient accurately and ith less variability than does
the Hessian{based method. In light of the poor lift and drag predtions by the Hessian{
based method, the relatively accurate moment predictions atikely the result of a fortuitous
cancellation of errors. As expected, the corrected outputseaconsistently more accurate than

the corresponding uncorrected values. Furthermore, the mostastessful output{based strat-
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egy for any given coe cient is generally the strategy for whilks the coe cient is speci cally
designed, although the corresponding improvement is minorlagive to the accuracy gains
obtained over the Hessian{based results. For a similar level of outpaccuracy, the output{
based strategies yield grids with an order of magnitude less rexdthan the Hessian{based

grids.

Figure 4 compares nal adaptive grids from the domain{integal{based, drag{based, and
Hessian{based strategies. Perhaps the most distinguishing featurethese plots is the reso-
lution of the wake downstream of the airfoil. The wake appeats be truncated prematurely
in the Hessian{based grid. In this region, wake re nement gets ppagated downstream by
the Hessian{based algorithm at a very slow rate. In comparison, theutput{based algo-
rithms are able to detect and resolve the wake far more rapidiyver a comparable number of
adaptive iterations. The drag{based algorithm only resolveshe wake to approximately one
chord{length downstream of the trailing edge. Evidently, ths is all that is needed in order
to accurately predict the drag. In the case of the domain{intgral{based strategy, the algo-
rithm re nes the wake all the way to the far eld boundary in order to accurately capture the
Mach number de cit in the wake. The inaccurate force prediébns from the Hessian{based
simulation are primarily attributed to insu cient grid resolu tion in the inviscid portions of
the ow, particularly near the leading edge and immediatelyadjacent to the boundary layer
regions. Conversely, although it is not perceivable from thegure, the near{wall region in
the boundary layer is signi cantly over{re ned relative to the output{based grids, resulting

in a much larger overall grid size.

Figure 5 shows intermediate grids during the rst few iteratims in a domain{integral{based
adaptive simulation. After 7 iterations, wake resolution has ben propagated by more than
40 chords downstream of the airfoil. This compares with lessah 1 chord of wake resolution

by the Hessian{based algorithm after 16 iterations.
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4.2 Advanced EET 3-Element Airfoil

Adaptive simulations are performed for turbulent ow over the Advanced Energy E cient

Transport (EET) three element airfoil [35]. The Reynolds nurber (based on the chord
of the EET with elements retracted), free stream Mach numberand angle of attack are
Re=9 1, M; =0:26, and = 89, respectively. The far eld boundary is placed at 100

chords.

Figure 6 shows predicted lift and drag values using the proposedtput{based strategies and
pure Hessian{based adaptation. The experimental lift value isbtained from reference [35].
The Andersonet al. value is obtained from an independent computation [43]. Andsonet al.
use the FUN2D ow solver. An unstructured grid comprised of 70686 ned is employed for
their computation. The grid has regular spacing near the aioil boundaries with a minimum

normal spacing of 2 10 © chord units adjacent to the wall.

The predicted coe cients from the output{based grids are subsintially more accurate than
those computed from the Hessian{based grids. Output{based gridstiigreater than 20000
nodes are essentially converged with respect to the computeft. liConversely, the lift and
drag values from the nest of the Hessian{based grids are still in \r by over 20% and

600%, respectively.

Figure 7 shows the nal adapted grid from the domain{integralbased adaptive strategy. The
plot illustrates the detailed resolution of the wakes emanatg from the slat, main element,

and ap.

5 Conclusion

This paper presented applications of an anisotropic grid{agdive method for functional

outputs. The method combines aspects of adjoint error estimatn/correction for functional
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outputs and Hessian{based anisotropic grid adaptation. Severaldaptive strategies were
proposed for aerodynamic simulations in which the accurate guliction of multiple outputs

is required from a single adaptive simulation.

Airfoil test cases were presented to demonstrate the various adap strategies. Turbulent
ow was simulated over a single element airfoil at cruise condins and over a multi-element
airfoil in high-lift con guration with ow separation. Numer ical results indicate that the lift,
drag and moment coe cients are accurately predicted by all bthe output{based strategies
considered. Slightly better accuracy is obtained in the outg(s) for which a particular
strategy is speci cally designed. Furthermore, the output-bsed strategies were all shown to
be signi cantly more e cient than pure Hessian-based adaptation generally yielding grids

with an order of magnitude less nodes for a similar level of outpaccuracy.

One of the proposed strategies attempts to provide overall stilon accuracy by targeting
an integral of the square of the relative Mach number over thengre domain. This strategy
was shown to be far more e cient than pure Hessian{based adaptatio(based on the Mach
number Hessian) at rapidly resolving the wake of a single{elemeaitrfoil at cruise conditions
to large distances downstream of the airfoil. This charactesiic could be bene cial in ap-
plications where shear layers emanating from certain upstr@acomponents have signi cant

impact on the aerodynamics of downstream components.

Some of the most important quantities needed from a CFD simulain are often integral
outputs, such as lift and drag. It seems natural, therefore, thahe accuracy of a simulation
should be measured by the accuracy of these key outputs. This wakd previous studies
have shown that some of the most commonly used feature{based and Hasfvased adap-
tive methods cannot achieve this reliably. The potential bee t of a robust output{based
adaptive scheme is that these outputs can be predicted accuest, e ciently, and in an

automated manner, saving valuable time and resources. Devaiognts in output{based grid
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adaptation are also expected to enhance the applicability &FD for gradient{based design
optimization, particularly those implementations that already employ adjoint solvers for the

calculation of design sensitivities [38, 44, 45].
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Figure 1: RAE 2822 Airfoil test case: Re = & 10°, M; = 0:725, = 2:466. Lift

coe cient on nal adapted grid for various adaptive strategies and error tolerances.
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Figure 2: RAE 2822 Airfoil test case: Re = & 1%, M; = 0:725, = 2:468. Drag

coe cient on nal adapted grid for various adaptive strategies and error tolerances.
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Figure 3: RAE 2822 Airfoil test case: Re =6 10°, M; =0:725, = 2:466. Moment

coe cient on nal adapted grid for various adaptive strategies and error tolerances.
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Figure 4: RAE 2822 Airfoil test case: Re = & 10°, M; = 0:725, = 2:466. Final
adapted grids. Top: domain{integral{based adaptation; midte: drag{based adaptation;

Hessian{based adaptation.
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Figure 5. RAE 2822 Airfoil test case: Re = & 1%, M; =0:725, = 2:466. Interme-
diate grids during a domain-integral-based adaptive run. Tm initial grid; middle: after 3

iterations; after 7 iterations.
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Figure 6: Advanced EET Three Element Airfoil test case: Re =9 1¢°, M; = 0:26,

8°.

Lift (left) and drag (right) coe cients on nal adapted grid for various adaptive strategies

and error tolerances.
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Figure 7: Advanced EET Three Element Airfoil test case: Re =9 1¢°, M; =0:26, =8°.
Top: nal domain{integral{based adapted grid; lower left: blowup near slat; lower right:

blowup near ap.
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